ON A MONOTONE SINGULAR FUNCTION AND ON THE
APPROXIMATION OF ANALYTIC FUNCTIONS BY
NEARLY ANALYTIC FUNCTIONS IN THE
COMPLEX DOMAIN

BY
H. KOBER

The classical example of a monotone continuous function y=w(f) which
is singular(!) was generalized by T. Carleman(?). It was discussed in detail by
E. Hille and J. D. Tamarkin(3), it was generalized further by R. E. Gilman(%)
who dealt with the intricate properties of w’(¢); the method of these writers
was based on binary, ternary, or higher scales of notation. In the present
paper the Carleman-Gilman function will be generalised further still and
dealt with from two new points of view:

I. The inverse function of y=w(t) =w(¢; «, B) admits of a plain repre-
sentation

(A) t=G(y) =¢2 Ylam=q 2 ana "
m>—0,n=1 m>—c0
nf-m<y

0= y< o;m> — log y/log B)

where $ is an integer, a>82=2, ¢=(a—B)(8—1)"1, and where the dash indi-
cates that #/83 should not be an integer; ¢n,, is the number of positive integers
n, not divisible by 8 and such that, given m, 8~ <y. From (A) the Lebesgue-
Hille-Tamarkin example is obtained by taking a=3, 3=2, y<1, the Carle-
man functions by setting 8=2, a=3 or 4, 5, - - - ; y=1, the Gilman example
by taking y =1, a as an integer.

II. The function w(f) =w(t; «, B) is completely defined by a few trivial
conditions and by two functional equations one of which is known in the very
special case 8 =2, a =3(5). Again it satisfies three basic inequalities

(B) w(t+ 1) = o) + o) (tz0,7z0),
. _ . B—1\ 7  logB "
(C) Q) o) = (i) @) = (a__ 1;) (x = g’ 0=t< )

Presented to the Society, April 30, 1949; received by the editors August 30, 1948.

() That is, ’(t) =0 for almost all ¢. H. Lebesgue, Le¢ons sur l'intégration, 2d ed., Paris,
1928.

(2) Sur les équations intégrales singuliéres & moyau réel et symétrique, Uppsala Universitets
Arsscrift, 1923, No. 3, pp. 223-226.

(®) Amer. Math. Monthly vol. 36 (1929) pp. 255-264.

(*) Ann. of Math. (2) vol. 33 (1932) pp. 433-442.

(%) G. H. Hardy and W. Rogosinski, Fourzer series, Cambridge Tracts, no. 38, 1944, p. 27,
line 8 from bottom.
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This settles finally the problem of the Lipschitz condition(%), as (B) and (C)
imply that

(D) 0= wt+ k) — wlt) < B O<t< 0;0=<h< ).

There is equality for an infinity of values of ¢, 7, k. Thus (B)-(D) are best
possible results. In connection with problem II the Fourier-Stieltjes trans-
form of w(t) (0=¢=1) is computed(?).

In the second section of the present paper analytic functions are approxi-
mated by nearly analytic functions. The analytic functions are required to
belong to the class A; this is the set of functions f(z) which, for |z[ <1, are
analytic and such that f/(z) is bounded. The nearly analytic functions satisfy
a Lipschitz condition in the region on which they are defined and are, there-
fore, continuous; their differential coefficient exists in the familiar sense at
all points except for a set of surface measure zero. Obviously there are con-
siderable differences between them and analytic functions, for instance with
regard to their quasi-poles. They are constructed by means of the function
w(t). Their theory is given in some detail, since possibly they are of interest
in themselves.

Given any two elements g(z) and k(z) of A, there exist nearly analytic
functions H,(z) (=1, 2, 3, - - - ) such that, uniformly for |z| <1, H,(z2)—g(2)
as n— o, while H,/ (2)=h'(z) for all » and almost all z (§2.7); explicit
formulae are proved for the approximating functions.

Finally results are stated on the approximation of continuous functions
of a real variable by “basic functions of bounded variation”(8).

1. The function w(t). In this section the main properties of the functions
G(y) and w(t) are proved.

1.1. The inverse function of y=w(t) and the functional equations. The
function t=G(y), defined in (0, «) by (A), is a jump-function, with discon-
tinuities at the rational points ym,.=n8"" (m=0, +1, +£2,..-.;
n=1,2, ... ;n/B not an integer), and with jump ga~™ at ¥m,.. The points
{ y,.,,,.} are dense everywhere in (0, «). Hence G(y) increases strictly, and

(%) Cf. Hille and Tamarkin, loc. cit. p. 259, and Gilman, loc. cit. Theorem 2. For 8=2,
t=1, (D) follows from a known result. F. Hausdorff (Math. Ann. vol. 79 (1919) pp. 157-179),
dealing with exterior measures of “fractional dimensions,” associates an exterior measure of
sets to any function satisfying some conditions of concavity, and so on, for instance to t?(0 <p
<1). Then he constructs a function ¢(¢) which is closely connected with his exterior measure
and is actually identical with w(¢; «, 2) when we take p=log 2/log «, £. (see p. 169) equal to
o™, and shows (pp. 170-173) that w(f2) —w(t) < (f2—4)? (0S4 <t =<1). My thanks are due to
Professor A. Zygmund for drawing my attention to this classical paper.

(") For the cases B=2, =3, 4, - - - see Carleman, loc. cit. Cf. Hille and Tamatkin, loc. cit.
p. 263.

(8) See §2.8 of the present paper. A non-decreasing function of this kind is called “Scarto
elementare” by G. Vitali, Rend. Circ. Mat. Palermo vol. 46 (1922) pp. 388-408; §17.
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the inverse function y =w(¢) is nondecreasing, continuous, and singular(?); it
is constant on the intervals of an open set of measure ¢ for 0=¢t=<a. We
have

Gyma=) =GC(mn) = tmn;  G(¥mat) = inm+ ga~™,
w(t) = Ym.n for b S 8 S b + go—™,

(1.11)

From (A) we deduce immediately that

1 |
(1.12) G(%) = —60) 05y< =)

Again we have

(1.13) G(©) =0; G(1) =g {B —

1 -1 :B—1
BB B >+...}=1,

2 3

a a

since #nB8~™<1, m>0 and since there are 8™ 1(3—1) integers n which are
not divisible by 8 and such that 0<# <@™. Hence, by (1.12), G(y)—» as

y——)eo,
Now we take 0 <y <1, ¥y yp,,; then we have m >0,
CO)+Gl =9 =¢ 2 amtqg 2 am
np—m<ly y<vp—m

where yB3—"=1—nfB-" v=F"—n is an integer, while »/8 is not, and yB—"<1.
Hence

(1.14) G +Gl—»=q¢ 2" am=G1) =1 (3% yma;0<y<1).
np-m<1
Finally, for 0<y<1—8-1, we have
1
G(y+—) -Gy =q 2 am
B yS<nf-m<y+p71

Clearly m>0 as y+p8-1<1. The number of the #'s, not divisible by 8 and
such that 8™y < <Gy 4™, is unity for m=1, is B»~2(8—1) for m = 2. Hence

G<y+—;—>—G(y) =q{ +3 w}

m=" o
(1.15) ’
a=1 g+1 1
O0<y<1——).
a(B—l) a B8

From (1.12)—(1.15) we deduce the following properties of the inverse function
y=ow()=w(; a, B):

(®) H. Kober, On singular functions of bounded variation, J. London Math. Soc. vol. 23
(1948) pp. 222-229.
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(@ w(0) =0, (b) «(1)=1,

(€) w(t/a) = w(t)/B (0=t< ),
g+ 1\ i
(1.16) @ w(t-}-—-—a )—w(t)+ 5
<0§t§1—q+1=1— a_l),
o a(@ — 1)
(&) w@)+w(l—0t) =1 0=:t=1),

observing that w(t) is continuous and that y+1/8 <1 implies that t+(¢+1) /&
<1 and vice versa. From (d), or from (c) and (e), respectively, we deduce that

@) w(t+jq—t—l) = o(t) +;%

1
(1.17) (j=1,2,"'ﬂ-1;0§t§1—jq+ ),

o
(&) w@® tow@—H=p (=0 %1,+2,---;0=¢=ai).
We notice that, for 3 =2, the equations (c) and (e) together imply (d), as

1)1 )i (o) e

by (e), with j=0 and j=—1.

The equation (c) is known for a=3, =2, 0=t=<1, (e) is known for the
case when « is an integer ().

1.2. The Fourier-Stieltjes transform of y=w(t) (0=t=<1) and the func-
tional equations. To show that, in substance, the function y = w(¢) is completely
defined by functional equations, we prove the following theorem.

" THEOREM 1. If a function y=y(t; a, B) («>B=2; B an integer) (i) does not
decrease in some interval 0<t<0d and (ii) satisfies (1.16), (a)—(d), then it is
identical with the function y=w (¢; a, ().

The proof is based on following theorem.

THEOREM 1’. Under the conditions of Theorem 1, the Fourier-Stieltjes trans-
form

(1.21) H@=f¥ww)
0

s

10 Gilman, loc. cit.
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1.22 F(x) = eisl?

( ) =) ,,I=]o: B sin (xa—"A/2)
REMARK. When 3=2 then F(x) takes the form

(1.22’) F(x) = ei”/2ﬁ cos M .

n=1 20["

®_ sin (Bxa~"A/2) (A _ 1-— a—l)

This was proved by Carleman for the case when « is an integer(!!).
Proof. In virtue of (1.16c), (i) implies that y(¢) does not decrease in (0, ).
We now consider the 3—1 closed intervals
If = <1/a + (j - l)A’ ]A> = (aia bi)
(1.23)

-1 1
(A: o =9+ :j=1'2,...,ﬂ—1).
a( — 1) a
On each of these intervals ¥(¢) is constant. For ¥(a~!) =8"1 by (b) and (c)

while Y(A) =61 by (a) and (d). Hence ¢(¢) =81 on I, and ¢(¢) =28~ on Iy,
Y(t) =jB~! on I, in consequence of (d’). Hence

b;
(1.24) f e UG = 0 (j=1,2,-,8— 1).

¢
Now we have

aj+1 1/a
(1.25) U; ___f eiz(z—l/z)d,/,(t) =f g3z (HHid=1ID gy ()
b

0

(j=0y1’2"'°’6_1)1
using (d’) and taking by =0, ag=1. Writing

(1.26) 1@ = [ " gmay (i)
0

and using (c), we deduce that

R A B ARIEET: W22}
" eld, ¢} 2 o

Hence

fx) = S U = B“f(%) exp {M} S exp (ixin),

=0 2a =0

x sin (x8A/2)

(1.28)

1 Cf. footnote 7.
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)=V D))
(n=0,1,2---),
o= To(2) -1 s (=)

as a>2 and, by (1.26), f(xa—™)—y¢(1)—y¢(0)=1 (n—x) for any x. This
proves the theorem.

Thus

(1.29)

REMARK. It follows from (1.26) that f(z) is an entire function and that,
for s=x+iy, |z)| Sexp (|3]/2).

Now the conditions of the theorem are satisfied by the function y=w(¢).
Hence (1.22) holds for the Fourier-Stieltjes transform of this function. By
a known uniqueness theorem and by the continuity of ¥ =w(£), the functions
w(¢) and () are identical in {0,1) and, by (1.16¢), in (0, <« ), which com-
pletes the proof of the main theorem.

1.3. The intervals of invariance of w(t). Before dealing with the inequal-
ities (B) and (C) we must investigate into the position of the intervals on
which y =w(t) is constant. Let 0=¢=<1, let Ym,n=n8"" (m =1, n<B™ n/B not
an integer), tm,n =G(Ym.n), tmn=tm,n+ g™ =G(Ym,n+) (see 1.11). Then w(?) is
constant on the interval Im,n= {(tm.n, tma) which is said to be of order
m (m=1, 2, - - -). The intervals of order one are stated in (1.23). Denoting
them now by I,; (j=1,2, - - -, B—1), we have

a

1 .
(1.31) y=y1,,~=w{]—(——j-i)}=%0n11.i G=12,---,8—-1).

The length of each of the I,,; is ga—™, their number is 8™ —p""! (m fixed).
Thus

XX Inil = X gam(gm — gm0 = 1.
m=1 j=1 m=1

All the intervals of order k(<M —1 (M =2,3, 4, - - - ) can be found this way:

set ny = N/B¥-! where N runs through all the numbers 1, 2, - - -, f¥-1—1,
The number of these intervals is 3%—1—1; their end points are denoted by
(1.32) Tyu—1.vn = G(nw), Tru_1,v = Glny+).

Between any two neighbouring intervals of order ¥ < M —1, also between 0
and T—1,1, and between Ta_i,xy—1and Tay_y,y=1 for N=8¥"1, there are 3 —1
intervals of order M, with end points
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7i =Gy — j8~M), i =Gy — M) = 1;4 ga M
(M’Nﬁxed;N= 1’27'.'>BM_1;.7'= lv 2»"' rB_ 1)-
For gy —jB~ =(NB—3j)B—™, and NB—j is not divisible by 8. The length of

each of these intervals is go—¥ by (1.32); writing 7 for gy and using (A) we
deduce that

B—1 BB-1) 1
TM—I,N_Tli:q Z’ a‘i‘:q{ ” + _—
By n——M<y T <y M+l aM+? aM
For pBM~! is an integer, while there are no integers between pB3*—B* and
nB* for p = M, but B-1(8—1) integers for u=M+1 (I=1, 2, - - - ). Similarly
1
i = T = > ar=—  (j=1,2--,8-1),
By (G4+1)~M<vg H<q—jp-M a
setting 75, =7Ty_y y-1 for j=B—1, N>1; 7/,,=0 for j=f—1 and N=1
(that is, gy =n1=0"M*1). Thus we arrive at the following lemma.

LemMA 1. In (0, 1) there are B —1 intervals of order m (m>1), each of length
go—™, which lie between any two intervals of order smaller than m or between the
points t=0 and t=o~™t! or between t=1—ot! and t=1. The distance be-
tween any two neighbouring intervals of order not greater than m (m=1) is
o™, the left or right end point of the outermost interval on the left or right is
t=a"™ or t=1—a™, respectively.

1.4. The inequality (B). We shall now show that for 0=5(< «©,0=7< =,
the inequality (B) holds.
First we deal with a special case and prove that

(1.41) w(t+1—':—q) gw@ﬂ(qu) 0=i<w).

There is equality for 0=<¢t<1—(1+4g)a~'. This follows from (1.16d) as
w{(1+g)a~1} =1
For 0<y< », we have

G(y+%) -Gy=q¢ 2 anrz 2 o,

ySnfm<y+p-1 y=nf-m<y+-1;m>0

By the argument of the proof of (1.15), the latter series converges to (1+¢)a~1
Hence

(1.42) G(y+%)—c(y) gl—i'—q=a(%+) 0<y< ).

As w=G"! is nondecreasing (1.42) implies (1.41). There is equality in (1.42)
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if, and only if, there is no positive integer k such that y <k <y-4p~1, that is,
that w(t) Sk <w(f)+p-L
By (1.16c), (1.41) implies that

(1.41) oft+ 1+ Qa} S e +of(l+gam}  (05¢< ).
Now we show that
(1.43) w4+ ) £ ot) + o) 0=t<o;0< <)

if ¢’ is the right end point of an interval I,,; (see 1.3). By (1.41), we have
1 i — 11 1
w{t+j(+q)}§w{t+(1 )(+q)}+w( +q)

a o a

(j=172"”yﬂ—1)’

and repeating this procedure (cf. 1.17d’) and using (1.31), we deduce (1.43)
for the right end points ¢’ of the intervals of order one. Suppose now that it
holds for the intervals of order smaller than m (m=2). Let (£, £') (¢’ <1) be
the interval of order 7 which is nearest the right end point of such an interval
{¢, ¢’). Then we have, using Lemma 1,

E=¢+am™ E=ttgm={+ 0+ gam

and
(1.44) ot+ &) Swt+)+of{(l+ Qam} < o) + o) + ™,

using (1.43) twice. But @({’) is of the form NB—=(NB)B~", w(£’) of the form
N’B—m. Hence, applying results of §1.3 to the intervals of order not greater
than m—1, we have N'=Nj3+1

(1.45) o) =g+ 1) =)+ B8

Combining (1.44) and (1.45) we arrive at (1.43). In a similar way we deal
with the right end points of the other 8—2 intervals of order m which lie
between (£, £’) and the nearest interval of order not greater than m—1 on
the right. Between 7=0 and 7=a~"*! there are 3—1 intervals of order m,

(1.46) In;=((jA+9Q—q/e™ jA+g/e™) (G=12,---,8-1),

and (1.43) holds for their right end points j(14¢)a—™ by (1.41’). Hence (B)
is true for the right end point 7 of any interval I, ;in (0, 1). Since w(¢+7) is a
nondecreasing function of 7, (B) holds for all the points 7 of such an interval
and, by continuity, for any 7 (0 =<7 =<1). Using (1.16¢c), we complete the proof.

REMARK. By the lemma(1%): A function y=f(t) of bounded variation Vo .f

(*2) H. Kober, loc. cit. Cf. T. Radé, Length and area, Amer. Math. Soc. Colloquium Pub-
lications, vol. 30, I11.3.30; there f(¢) is supposed to be continuous.




1949] A MONOTONE SINGULAR FUNCTION 441

over {0, a) is singular if and only if Lo .f, the length of the arc joining the points
{0; £(0)} and {a;f(a)}, is equal to a+Vo,qf, the inequality (B) is equivalent to
Lo,t4rw =Lo,iw+Lo,-w.

1.5. Two inequalities. To prove that w(f) = we need two lemmas:
LEMMA 2. When 1 <B<a,0=s=1, then
{14 (@ — 1)s}rer = {1+ (8 — 1)s) e,
LEMMA 3. When 1<j=8, 0=s=1, 0<log B/log a=\=1, then
(@=jP=jA—sP—=(B—-7=20.
To prove Lemma 2 we show that the function
$(s) = log Blog {1 + (a — 1)s} — log alog {1+ (8 — 1)s}

is not negative for 0 =s<1. We have ¢(0) =¢(1) =0, and it is easily seen that
¢’(s) has not more than one zero. But ¢’(0) >0 since

Y(, ) = (@a— 1) logB— (B — 1) loga = ¢'(0); ¢(8,B) =0.
(e, B)
da

B
a =alogB—-B+1>ﬁlogB——B+1=f log udu > 0.
1
Hence, ¢(s) reaches a positive maximum in (0, 1) which proves the lemma.
To prove Lemma 3 we denote the function on the left by g(s). We have

(1.51) N6 = 1 = Pt = (a — jst

and g(0) =a*—B=0. The term on the right in (1.51) is not negative; for
A—1=0,and a—js=1—sas a—1=s(8—1)=s(j—1). Thus we have proved
the lemma.

1.6. The inequalities (C). To show that w(t; a, B) < # (A\=log B/log «;
0=<t< x=) we need only prove this for the left end points of the intervals
Iw,; n (0, 1) (see 1.3). When the intervals are of order one we have
wl{ (j+jq—-q)/a} =j/8 (=1, 2,-..,B8—1). Thus we must show that
jB={(+jg—g)/a}* or, as B=c?, that

{j(a —1) - a+,s}x
B—1 ‘
By the substitution j=14+(8—1)s [0<s=<(8—2)(8—1)"1], (1.61) reduces to
the statement of Lemma 2.
Suppose now that in (0, 1) the inequality is true for the left end points of

all the intervals of order smaller than M. Consider the 8—1 intervals of
order M lying between neighbouring intervals

(1.61) js

(1.62) (To, T¢), (T, T) (Toza™>0;T =T —a M1, T <1)
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of order smaller than M. By Lemma 1, they are
(1.63) (T —jA+ /™ T— G+ G —Vg/aM) (=1,2,---,8—1).
If w(T)=NB"M=(NB)B~™, then we have
1 NB—3 N-—-1
w(T_ ' +q)= P e = w(@) =
aM BM BM—I

(j=1’2’...,6_1).

We shall shox;xr that
(1.64) {Ng — )™ = {T — j(1 + Qa ¥},
Since w(t) < on the intervals of order smaller than M, we have
) NB—M = (T) = T
(i) (V= D= = o(To) £ {T — (1 + gar=},
observing that Ty <T¢ —qa' =T —(1+qg)a—™. Multiplying (1.65) (i) and
(ii) by B—j and j, respectively, and adding, we have
NB—j

BM—I

(1.65)

(1.66)

: 14 g\
g(ﬁ—jmw(r— q) G=12-- 81

aM—l

Hence we need show that
B{T — j( + Qo™ — (B — )T — j{T — (1 + Qat~¥} 2 0.

But this inequality follows from Lemma 3 taking s=(14¢)a'"¥T-'. The
proof holds when T is replaced by unity. Again for T'=a'"™ there is no
interval of order smaller than M on the left; the intervals of order M between
t=0and T are stated above (see 1.46), and the result for their left end points
follows from that on the intervals of order one by means of (1.16¢c). Hence
w(t) <P on all the intervals of order M for any M (M=1,2,-::). By
continuity, the inequality holds for 0<¢=<1, and by (1.16c) for 0<:< = ;
which completes the proof of (Ci); that of (Cii) is similar.

REMARK. From the inequalities (B)-(D) we can deduce results on the
jump-function G(y), defined by (A); observing that G(y)=G(y—):

G(y + 2) 2 G(y) + G(2) 0=Ly< ©,0=<3< »).
o‘_ly”’éG(y)%y”x ()\=-1—0g—2;0§y<w>.
g—1 log o

G(y+ k) —G(y) 2 P 0=y< ®,0=5 k< o;\=logpB/log a).

2. The nearly analytic functions. Iz this section the approximation of ele-
ments of A by nearly analytic functions will be treated. We start with
2.1. An inequality.
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LeMMmA 4.
| w(t; @, B) — t| < 2/8 — 2/a foro<st=<1.

This need be proved only for the right end points of the intervals on which
w(t) is constant, or for the left end points. For if (T, T’) is such an interval,
then, by (1.16e), (1—T7"', 1—T) is an interval of the same kind. And if the
inequality is true for the left end points T and 1—T", then it holds for the
right end points as, by (1.16e)

oI - T'=1—-0(1-T)—-T'=01-T7T)—-w(l-1T).
Since w(t) is constant on (T, T'), the inequality holds for T<¢t<T’. As the
sum of the lengths of all these intervals is unity and as w(¢) is continuous, the

inequality is true for 0 =<t =<1.
The right end points of the intervals of order one are (see 1.23; T/ =b,)

J J 1 jla—1)
T'=G—— = Gl{— _ = ——— '=1’2,...’ - 1).
’ (B+) <B)+a «-1n U =D
Hence

j  jle—=1) J (1 1) 1 1
2.11 l/— ' = —— = —_——— é___._._..
@10 fe(h) = 74| lB aB -1 B—1\8 « 8  a

Let T or T”, respectively, be the left or right end point of an interval of order
not exceeding m—1 (m>1), w(T)=N/B71 (cf. §1.3; w(t) =ny) where N=1,

or =2, 3,--.,Bm1—1, or let T=1, with N=8", and suppose that, uni-
formly with respect to N,
(2.12) |o(T) = T| £ Mp-s.

On the left of T, between T and the nearest interval of order not greater than
m—1, or between T and t=0 when N =1, there are 8—1 intervals of order m,
with left end points

a—1
=GN+ — kg™ =T — b ————— k=1,2,---,8—1).
b = VB — kgm) -1 ¢ 8- 1)

| o(t) — t| = ‘NBB: k_ {T— k_"i____l_}‘

Hence

am(B — 1)
<lT N Tk 1 a—1
N g lgm am(—1)
-1 -1
<M+ 1271

Bm am™
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if we use (2.12) and observe that (8—1)3"—(a—1)a">0form=2,a>F=2.
Denoting the term on the right by M,, we have | w(t) —t| =M, for any
point ¢ of an interval of order not exceeding m, and

1 1 B—1 a—1 B—1 a-—1 2 2
MpS———+ - — + ===
B [+ ﬁ2 a? ﬁs al B a
for any m =1, which completes the proof.
LeMMmA 4/,
2 2
IG(y;a,ﬂ)—ylég——; 0=ys1).

For if G(y)=t, then y=w(t), and so |G(y)—y| =|t-—w(t)| <2/8—-2/a.
This is the result required.
2.2. Definition of the nearly analytic function v(z; a, 8). Set

(2.21) o =w@®) 0=t=<1); Q¢t+1)—0aF=1
(— o0 <t < ™).

(2.22) v(z5 @, B) = 7(2) = w(r) exp{””“({;)}

0=Sr< o, — o << )

where z=re®. Plainly Q(¢) is continuous in (— o, ®) as w(0)=0, w(1) =1,
and y(2) is defined and one-valued for 0= ]zl < « since y(re¥®) =~y (rei®+),
From (1.16c) and (C) we deduce that ['y(z)l =w(lz|),

a B 2
(2.23) (az) = Br(s). l :Z;I - {|:((?) I} for0 <6 < -a’-’
2.2) |G+ =|v@) [+]v©] 0= |z]<w,05]5] < ),

observing that |v(z+8)| =w(|z+¢]) se(|z])+e(|¢]) =]v@)| +[v©)] by
(B). It is easily shown that there is equality at an infinity of points 2, {. The
function v(z) can be generalized by taking w() =w(¢; o, B1), Q) = Q(¢; oz, Be)
where a; and oz or §; and B,, respectively, need not be equal.

2.3. Statements of results on v(z; a, B).

LEMMA 5. The function v(2) has the following properties:

11
) I’Y(Z;a,ﬁ)—zl§(2+41r)(§—:>. 0=z=1).

(I1) Its variation over any radius of the wunii-circle is not greater than
unity, over any circle Iz[ =R (0<R 1) not greater than 2.
(II1) It satisfies the Lipschitz condition
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'7(21)_7(22)|§00|21_22‘)‘ (lzll§1ylzzl§1)

where Co=1+722"3 N=log /log a. It is, therefore, continuous. ‘

(IV) There is an infinity of sectors S;p (=1, 2, ---;1=1,2,---) of
rings in Izl <1, of total area E|S,-,;| =1, such that v(2) is constant on any
Sj,z.

(IV') The derivative v'(2) exists and vanishes for almost all 2 (| z[ <1).

(V) When a<p?, then, given >0, there is a non-enumerable set of circles
|z| =R (0<R<J), any of them having a non-enumerable set of quasi-poles §
on ils circumference, that is, points { such that {'y(z) —7(§)}(z—- ) oo as
2—¢, no matter along which path z approaches §.

2.4. Proof of (I), (II), and (IIT). To deduce (I), we take 0 <60 <2w. We
have

| v(z) — zl < o(r) | e2iTw(0/27) ezifonfl + I w(r) — ,I

()2 ton-risesa(l ),

¥ 0

< 2r

using Lemma 4 and the inequality
(2.41) |eit —eir| = |t — 7| (¢,  real).
Now we prove (II). Fixing 0, we have, with respect to the variable r,
Vory = Voaw = w(1) — «(0) = 1.
Fixing 7 and taking 0=0,<6,<0:< - - - <0, =2m, we have

“(2r) =G}

= 2wo(r) {w(l) — w(0)} < 2.
To prove (III), we take z;=r.%, 0=50,<2m, j=1, 2; z3=rse%; and 0<r: =1:.
By (D) we have

(2.42) | v() — ¥(zs) | = w(r1) — w(rs) £ (11— 72 < | 20— 3N

n—1
Vozry S 2ma(r) {u.b. >

=0

Again
| ¥(25) — 7(22) | = w(ry) | e2imecrrzm — e2itw(0:l2r)l
01 02
(2.43) = 2mw(rs) w<'2;> - w(z;) )
| ¥(s) = ¥(z2) | S (2m)*s(ra) | 62 — s ™

Suppose first that |8, —8:| <7; then we have sin | (0:—02)/2| = | 0. —02)| /7,
(2.44) |01—-02|§(1r/272)|z3—22l (I01—02|§7r)’
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and as, by (Ci), w(r) =

(2.45) | v(38) = ¥(22) | < 2021 | 25 — 22 |* < 272 21 — 22 Y,
observing that ry<n, IZzl = Izsl, arg zz=arg 2 and, therefore,
(2.46) |25 — 22| | 21— 22].

Suppose now that 7 <f:—6, <2, and take X1=01+2w; then

0
0<x1—0:<m 1 §X__1<2’ 23 = r2e™, ﬂ<§-l>=w(2—1>+ 1,
. m

™ Uy

)-o2)- b+ )2+
(- - (- )

§ 21—2)\1r—x(x1 — 02)*,

if we use (1.16¢), (D) and the inequality #*+9* 217 (u+0)* (0SA=S1, >0,
v>0). Hence, using (2.44) and (2.46), we deduce that

o))

=< (27)12 21720 (1)

| ¥(zs) — v(22) I =< 27w(ry)
(2.47)

1N
S 20| g — g |

T (2 — m)
— (23 — Z:
21'2 3 2.

The result holds for # <6, —0; <2w. Combining (2.45) or (2.47), respectively,
and (2.42) we deduce (III) for |z,~| >0 (j=1, 2). The inequality holds for
z1=0, or 2,=0, since I'y(z)| =w(r) £r*; which completes the proof. We re-
mark that, by (2.23), the result holds in the whole plane.

2.5. Proof of (IV) and (IV’). We consider the intervals (T, T}) (0< T}

<T}<1;j=1,2,---) on which w(t) is constant, taken in any order. We
have
(2.51) 2 (T —Tj) =1

=1

The function v(2) is constant on any ring-sector Sj,;, where
T, =r=T!{, 27T, <0 < 22T} G=12,---351=1,2,---).
The area of S;,; is lSj'll =n(T}—T;)(T! —T)); hence

®,0

(2.52) Y (Spul=r 3 (T —T)Tt—T)=m

j=1,1=1 i=1,1=1




1949] A MONOTONE SINGULAR FUNCTION 447

Now we construct a region P;,; interior to S;,; such that, given ¢>0,
| Pia| 2 | Sju| — e27

Everywhere on P; ; the derivative vy’(s) exists and vanishes identically, and
we have

(2.53) > Pz X 1Sii|—e—on as e — 0.
ij=1,1=1 j=1,1l=1
Hence (IV) and (IV’) are true.
2.6. Proof of (V). We need

LEMMA 6(%). If the function a(t) (a St =<0b), nondecreasing and not reducing
to a constant, is continuous and singular,then o'(t) = «© ata non-enumerable set

of points of (a, b).

Given 6 >0, we have w(8) >w(0) =0 in virtue of (Cii). Hence there exists
a non-enumerable set E of points » of (0, 8) such that w’(r) = «. Also there
is a similar set € of points @ of (0, 2r) such that w’(8/2w) = «. We take
rEE (r>0), 0€E, z=re®, z,=r, ¢* (r,>0) and form
v(z) = v(a) _ si(e¥ — e¥) + e¥(s1 — )

21— 2 21— 2

(2.61) U(Zl) =

where

0 0,
(2.62) s =w(r), s1=w(r); ¥ = 27w (?)’ Y1 = 21rw(—-).

Yy T,
Given any large M >0 ,we can find € >0 such that, for Izl—z[ <€,

S1—§ Y1 — ¢

(2.63) =D>M, =d> M.

ry — 7

| -
We have

(é 64) U(zy)ei—¥) = ie? P Pdsip(:1 — 6) + (n—7)D _ X
) ' 1e301=012 (0 — 0) + 7, — r Y

where

)

IR YA 0i—0 /0,—0
# 2 2

vy = sin ———
2 2

(2.65) |Y I2 = (r1 — )% + v2rr1(6: — 6)?,

(*) Cf. Hille and Tamarkin, loc. cit. p. 258, footnote 2; and Gilman, loc. cit., where much
more detailed results are proved. For the general case see H. Kober, loc. cit. Cf. S. Saks, Theory
of the integral, 2d. ed., Warsaw, 1937, p. 128, lines 14-12 from bottom.
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— —y¢—40 0
R(XT) = D(r, — 1) + drisuwv cos yi-¥ > 1+ (6, — 6)?

D
(2.66) - 77’11/2(1’1 b r)(01 -_ 0)2

d
- 'E‘slﬂz(rl -0 —0—y)=U+V —-W —2Z.

Using (2.65) and (D) we have

w 1’11'2(81 - s)(01 -_ 0)2 < r1v2(r1 - r)"(01 - 0)2
el 272 2rrwv?(6, — 6)2
|ri—r]
=——0 (21— 2).
2r

VA swzl r — ,l W1 — ¥)? 21—2)‘“.2—»‘31”2' r — ’l 6 — )2
vz 2| v - (r1 — )2+ virri(0, — 0)2

< 27D (rr)) V21 (0, — 6)P1— 0 (21— 2),

as 22 =log ($?/log a>1. Finally we deduce that
U+7v - M{(ry — 7)? + risyw(8: — 6)? cos}

|v|2 — (r1 — 7)2 + rrv?(6; — 6)*
S1u COS
= M min {1, } —> © (21— 2),
v :

For (u?+av?)(u?+bv?)~'=Zmin (1, a¢/b) (¢>0, b>0, % and v real), M— as
z1—z, while s;—w(r)>0, p—1, cos Yr1—y¥—0,+0)/2—1, v—1; therefore
R(X/Y)—> o as 21—z, R{ U(z1)e’® 9} — o,

v(z1) — v(2)

21— %

- ®© as 21— 2.

Thus (V) is proved. A similar result holds for 4(z) in any sector 4 <6<B
of the ring a =7 =<b (0<a<b=1) if w(B/(27)) > w(4/(27)) and w(b) >w(a).

2.7. The main results on the class A. Suppose that f(z) belongs to A.
Write

C; = u.b. ]f'(z) |.
lsi<1

The function f(z) exists on the circle |z| =1 and is continuous for |z| <1. Let

1(z; a, B) = flv(z; o, B)}.
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When f(2) does not reduce to a constant then n(z) =n(z; e, 8) s a nearly analytic
Sfunction, that is, it has the properties (11)—(V), with the following alterations
(cf. §2.3):

The variations, referred to in (1I), are not greater than C; or 2wC;, respec-
tively.

The constant 1+w2%, occurring in (111), is to be replaced by Cr(1+m2%).
This is shown with the aid of the inequality

f u:z f'(2)dz

We now prove the following theorem.

THEOREM 2. When both g(s) and h(z) belong to A and g(z) —h(z) does not
reduce to a constant then there is a sequence of functions H,(z) (n=1,2, - - -)
such that, uniformly for |z| =<1, H,(2)—g(2) as n— o, while H. (z) =h(z) for
all n and for almost all 3. The functions H,(2) possess the properties (I11), (I11),
and (V), but the constants are Cy+2Cy and 27(C,+2Cs) in (II), (C,+2Ch)
-(14272%) in (11I). They have the properiies (IV) and (IV’) if, and only if,
h(2) vanishes identically.

Proof. Set f(z) =g(z) —k(2), let B be a fixed integer (322), a=8+n"1,
Ha(2) = f{v(z; a, B)} + h(2).
Using (2.71) and (I), we have

| Ha(x) — g | = | f{v(®)} — f@@) | = C;| v(2) — 2|

1 Ci(2 4+ 4n
_S_Cf(2+41r)(%—:> G2 4m)

§C;I Wy — w:,l.

(2.71) | f(w2) — f(wr) | =

C BB+ 1)

which tends to zero as #— o, uniformly for lz] =<1. On the other hand, we
have

d b4
H,(z) = i{%z(—)—}— + ¥(2) = fiv@ 7' () + W (2) = K (2)
for almost all z in Izl <1 since, by (IV’), ¥’(z) =0 almost everywhere. We
notice that the condition a<f? (see V) is satisfied. Thus we have proved
the theorem.

The nearly analytic functions appear to be adapted to illustrate the
Besicovitch-Saks-Zygmund Theorem (cf. Saks, loc. cit., p. 197).

2.8. On continuous functions of a real variable. A continuous function
y=F(t), of bounded variation over {0, ¢) and such that the sum of the
lengths of its intervals of invariance is @, is said to be basic; for instance w().
When F(f) (0 =<¢=<a) is continuous, then it can be approximated uniformly by
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basic functions of bounded variation (). This follows at once from Theorem 2
by means of the Weierstrass approximation theorem; it is analogous to the
uniform approximation by step-functions, which are singular functions as
well as the basic functions of bounded variation. We can obtain similar re-
sults in some other way, and we state them without proof.

When y=f(x) (0=x=<a) is continuous then the sum of the lengths of the
intervals on which the continuous function

gap(x) = f {aw(% e, B)} (0= x < a)

1s constant equals a, and g, s(x) =0 for almost all x. Vet g, g(x) is a basic func-
tion of bounded variation if, and only if, f(x) is of bounded variation; otherwise,
Za.8(%) 1s not of bounded variation(). In any case, we have

8a8(%) = f(x) as a =B,

uniformly for 0 Sx <a. Stmilarly, uniformly for 0=<x=a,

f{aG<%;a, B)} — f(x) as a— B,

The latter two results follow from the Lemmas 4 and 4’ without difficulty.

BIRMINGHAM, ENGLAND.

(14) Also there exists a result corresponding to Theorem 2.
(1) Compare this with Vitali’s example, loc. cit., §25.




